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INTRODUCTION 
IT WAS proved in [9] that in case r is a finite group and x E l?,(Z P), there is a finitely dominated 
complex X with a,X = 7~ and reduced Wall obstruction O(X) = x. Very little seems to be known 
about the possible values of the Wall obstruction w(X) in case X belongs to some restricted 
family of spaces. We will show in this note that if the space in question is nilpotent, then the Wall 
obstruction is subjected to a strong restriction, although it does not vanish in general. Our main 
results are the following. 
THEOREM A. Let X be a nilpotent space, dominated by a finite complex. Suppose that a,X is a 
finite p-group, p a prime. Then the following holds. 
(i) G(X) is a p-torsion element. 
(ii) S(X) = 0 in case a,X has order p. 
THEOREM B. Let X be as in Theorem A with P,X a p-group, p an odd regular prime. Suppose 
further that X possesses a self homotopy equivalence f : X +X such that f *a = Q-’ for a E a,X. 
Then the following holds. 
(i) JrlO(X)=O, where 1x1 denotes the order of P,X. 
(ii) S(X) = 0 in case a,X is cyclic. 
In 91 we recall some basic facts on the Wall obstruction and in 82 we prove a simple 
criterion for certain nilpotent spaces to be dominated by finite complexes. Theorems A and B are 
proven in 43. In 04 we give an example of a finitely dominated nilpotent space X with 
6 (X) # 0. Actually, the space constructed is of the genus of a finite complex; it follows that being 
of the homotopy type of a finite complex is not a generic property. This answers a question raised 
in [S]. 
51. THE WALL OBSTRUCTION 
All spaces considered are supposed to be of the homotopy type of well pointed connected 
CW-complexes. 
Definition 1.1. A space X is called of type FP, if the singular chain complex C,% of the 
universal cover x of X is chain homotopy equivalent (as Z(r,X)-complex) to a ‘finite projective’ 
complex, i.e. a complex c* with ci = 0 for JiI big enough, and with each ci a finitely generated 
projective Z(n,X)-module. 
If X is of type FP, the Wall invariant (or Wall obstruction) w(X) is defined by 
w(X) = z(-l)i[ci] E Ko(Z7r,X) 
where c* is a finite projective complex equivalent to C,_%, and [ci] denotes the class of (?, in the 
projective class group &(Z n,X). It is easy to see that w(X) is independent of the choice of c,. 
We denote by G(X) the image of w(X) in &(Za,X) = &(Zr,X)/([Za,X]), the reduced 
projective class group. 
It follows from [17. Corollary 2.2 and Theorem 41 that the following holds. 
THEOREM 1.2. A space X of type FP is dominated by a finite complex if and only if a,X is finitely 
presented. 
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In particular, if r,X is nilpotent, then X is of type FP iff X is finitely dominated. 
The main result of [16] in conjunction with Theorem 1.2 gives the following. 
THEOREM 1.3. A space X of type FP is homotopy equivalent to a finite complex if and only if 
(i) a,X is finitely presented 
(ii) C(X) E &(Z?r,X) is zero. 
In general it is not easy to see whether a space is of type FP. But, as we will see in the next 
section, for nilpotent spaces with finite fundamental group there is a simple criterion, involving 
only the homology of the space and its universal cover. 
52. NILPOTENT SPACES OF TYPE FP 
A a-module M is called nilpotent, if I’M = {0} for some k, where I denotes the augmentation 
ideal of Zn. Furthermore, aspace X is called nilpotent, if r,X is nilpotent and the n,X-modules 
mX, i > 1, are all nilpotent [4], [81. Equivalently, one can characterize nilpotent spaces in the 
following way. 
PROPOSITION 2.1. A space X is nilpotent if and only if P,X is nilpotent and, for all i 30, the 
a,X-modules Hi(X; Z) are nilpotent. 
Proof. If X is nilpotent, then lr,X operates nilpotently on H,(Xi; Z) for all i [cf. 8, II 2.181. 
Conversely, suppose that ?r,X is nilpotent and operates nilpotently on Hi(X) for all i. Consider a 
Cartan-Whitehead decomposition of X: 
. a ++X(m)+X(m -1)+.*.+X(2)=X*X. 
So we have fibrations K(?r,,,X, m - l)+X(m + 1)+X(m) and since X(m) is (m - I)-connected, 
r,,,X = &(X(m)) for m 2 2. Assume inductively that a,X operates nilpotently on &(X(m)) for 
all i and all m with 2 Q m s M. Then lr,X operates nilpotently on riX for 2 < i s M. It follows 
then by [B, II 2.171 that n,X operates nilpotently on Hi(K(~,X, M - 1)). The Serre spectral 
sequence associated to the fibration 
K(mfX, M - l)--,X(M + 1)+X(M) 
has as E*-term 
Ezi = H,(X(M); H,(K(T& M - 1))) 
which is a nilpotent r,X-module for every pair (i, j). Hence ~F,X operates nilpotently on 
&(X(M + 1)) for all k and, in particular, P,X operates nilpotently on ~T~+,X 2 H,+,X(M + 1). 
Hence the result. 
For the proof of our next theorem, we will need the following lemma. 
LEMMA 2.2. Let P be afinitep -group and M a finitely generated artinian P-module. Then there is 
an exact sequence 
O+Pz-*P,+M+N+O 
with N a nilpotent rr-module and P,, Pz finitely generated projective p-modules. 
Proof. As M is artinian, one has ZkM = Zk” M for some k, where I denotes the augmentation 
ideal of Zrr. By [3, Theorem 31 it follows that M + M/I’M induces an isomorphism 
H,(T; M)+H*(r; M/I*M) 
Hence I’M is cohomologically trivial and, by [ll, Theorem 4.121, it follows that proj. 
dim I*M G 1. Hence, there is a short exact sequence of r-modules O+Pz-*P, -+IkM +O with 
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PI, P2 projective; we can assume P,, Pz finitely generated, as Z 7~ is noetherian. By construction 
N = M/ZkM is nilpotent and the lemma follows. 
Recall that for a nilpotent space X the following conditions are equivalent (see [S, II 4.11): 
(i) H,(X; Z) is finitely generated for all i. 
(ii) riX is finitely generated for all i. 
(iii) X is of the homotopy type of a complex with finite skeleta. 
If one of those equivalent conditions is satisfied, we say that X is of finite type. 
LEMMA 2.3. Let X be a nilpotent space of finite type with P,X a finite p-group. Suppose there is 
an N 2 2 such that 
for all i 2 1. Then 
HN”(X: Z) = HN+i(X;Z) = 0 
HNT’(X; 8) = 0 
for all i 2 1 and all coeficient bundles %J on X. 
Proof. If M is a r-module (a = T,X) then denote by I&“(_%; M) the homology of 
Hom,(C,X, M). We can identify IYI~+~(X;~) with HnN+’ (X; B) where B is the stalk of %? over 
the basepoint of X. As X is of finite type, C,X is chain homotopy equivalent to a complex C, 
with C; finitely generated and free for all i. Hence H,‘(X; I@ Mi) z I@ H,,“(X: Mi) for any 
directed system of 7r-modules {Mi}; it is therefore enough to prove that for all finitely generated 
r-modules B one has H,,N” (X; B) = 0. Since the groups H,N+i (2; B) are all finitely generated 
for B finitely generated, it suffices to show that K,N+i (j?;B@Z/q)=Oforallprimesq.Butfora 
finitely generated B the module B @Z/q is artinian. Hence, by the previous lemma nd by using 
appropriate coefficient sequences we are reduced to show that H,N”(X; M) = 0 in case M is 
finitely generated nilpotent or free. If M = (Za)“, then I%,@“‘(_%; M) = 0 for all i 3 1, since 
H,,“(X; Z7r) = Hk(X; Z). For a finitely generated nilpotent M one finds that H,,““(X; M) = 0 
for all i 3 1 by a simple induction argument on the nilpotence length of M, using the hypothesis 
that H,““(k; Z) = HNei(X; Z) = 0 for i Z= 1. Hence the result. 
We can now characterize nilpotent spaces with finite fundamental groups which are of type 
FP in the following way. Recall that a nilpotent space X is quasifinite, if E&(X; Z) is finitely 
generated for all i and zero for i big enough. 
~THEOIZEM 2.4. Let X be a nilpotent space with 7,X a finite p-group. Then the following are 
equivalent. 
(i) X is quasifinite and X is homotopy equivalent o a finite complex. 
(ii) X is of finite type and &(X; Z) = Hi(X; Z) = (0) for i big enough. 
(iii) X is of type FP. 
(iv) X is dominated by a finite complex. 
Proof. (i) implies (ii) since quasifinite nilpotent spaces are of finite type; (ii) implies (iv) by 
using Lemma 2.3 in conjunction with [ 16, Theorem F]. We observed already that (iii) and (iv) are 
equivalent for a nilpotent space. Finally, (iii) implies (i) by trivial reasons. 
COROLLARY 2.5. Let X be a quasifinite H-complex. Then X is of type FP and hence dominated 
by a finite complex if P,X is a p-group ; if the fundamental group of X is infinite and Xfinitely 
dominated, then X is even of the homotopy type of a finite complex. 
Proof. First assume that sr,X is finite. Then, using [2], we see that Hi(X; 2) = Hi@; Z) = (0) 
for i big enough. As X is certainly of finite type, we get the assertion using Theorem 2.4. The 
+A more general result of this kind is proved in the forthcoming paper ‘Finitely Dominated Nilpotent Spaces’. 
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fundamental group of a quasifinite N-complex is of course a finitely generated abelian group. If 
the rank of n,X is k 3 1, then X - Y x (S’)k with Y a quasifinite H-complex with finite 
fundamental group. It follows that Y is dominated by a finite complex. From the product formula 
for the Wall obstruction[7] we conclude that X is actually of the homotopy type of a finite 
complex. 
We will need the following result on covering spaces of nilpotent spaces. 
LEMMA 2.6. Let Q :x+X be a covering projection of nilpotent spaces such that Q,IT,J? has 
finite index k in a,X. Then the kernel and cokemel of 
are k-torsion groups. 
This follows immediately from the basic results on localization theory[8], since under the 
assumption stated (pp :J?,, -X, is a homotopy equivalence for all primes p not dividing k. 
53. PROOF OF THEOREMS A AND B 
In the following we use the notation of [14]. Hence, for a ring A let Z&(A) denote the 
projective class group of A and Go(A) the abelian group with generators [Ml, the isomorphism 
classes of finitely generated (left) A-modules, and relations [M] = [M’] + [M”] whenever 
O-, M’--, M * M”+O is an exact sequence of finitely generated left A-modules. The map 
C : &(A) + Go(A) 
given by C[P] = [PI is called the Cartan map. It is well known that C is an isomorphism for 
instance if A is a Dedekind ring. We write &(A) for G,(A)/([A]); similarly for &,(A). 
If r’ is a subgroup of a finite group V, the inclusion i : 7~’ + T induces i* : Ko(Z 7) -+ &(Z 7~‘) 
by restriction of scalars. We will need the following result [12, Corollary 9.41. 
THEOREM 3.1. Let 7~ be of order n and x E K(Zn). Suppose that i*x = 0 for all i : TT’ >+ rr 
with P’ cyclic. Then nx = 0. 
Denote for an abelian group 7~ the integral closure of Z?r in 4~ by %. The following is 
proved in [l; XI, 5.81. 
THEOREM 3.2. Let 7~ be a cyclic p-group and let j :Zn -+% denote the inclusion. Then the 
kernel of j * : &(Z n) + &(%) is a p-group. 
Let r be a finite abelian group and let D(Za) be the kernel of j, : &(Z?T) + I?,(%). Denote 
by c : D(Z a) + D(Z n) the involution induced by the automorphism g H g -’ of rr. Then define 
D-(Zn) = {x E D(ZT)(CX = -x} 
The following result is attributed to Kervaire and Murthy (it can also be deduced from [6, 
Theorem Al together with the computation of the order of D-(Zn) in 151). 
THEOREM 3.3. Ifp is an odd regular prime and r a cyclic p-group, then D(Zx) = D-(Zr); in 
particular, as D(Zn) has odd order, 
D+(Za) = {x E D(Zn)(cx = x} = (0). 
The following lemma is crucial in the proof of Theorem A. 
LEMMA 3.4. Let X be a nilpotent space, dominated by a finite complex, with fundamental group 
T cyclic of order p ‘, p a prime. Then G(X) E D(Zr). 
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proof Under the assumption on P the integral closure of 2~ in Qa is Zr= Ii A, where 
, =o 
Aj = (Ring of integers in Q(&), 5 = exp (2rilp’)); in particular A. = Z. Let y(j):Zn + Ai be the 
obvious map. We want to show that -y(j),@(X) = 0 for all j >O. The Cartan map 
C : &(Aj)+ G,,(Aj) is an isomorphism since A, is a Dedekind ring. Hence it suffices to prove that 
C-y(j),+(X) = 0. The element Q(j),@(X) is equal to E(-l)i[H,“(X: A,)], where H,“(X; Aj) 
denotes the homology of the complex C’*%@,Aj. The index of Z n in z is a power of p because 
InI% C ZP. Hence 
is an isomorphism mod p-torsion. But H,“(X; A”) = H;(X;Z) and, by Lemma 2.6, 
Hi(X; Z)+ I-&(X; Z) is an isomorphism mod p-torsion. It follows that for all j# 0, Hi”(Xi; Ai) is 
a finite p -group (as abelian group). From now on let j f 0. The operation of 7~ (through Z r + Aj) 
on H,“(X; Aj) is nilpotent, since a finite p-group can only act in a nilpotent way on a finite 
p-group. Hence Hy(X’; Aj) has a finite Aj-module filtration such that the n-operation on the 
associated graded module gr Hi”(X; Aj) is trivial. But under y(j):Zp +Aj a generator of 7~ is 
mapped to 6 = exp (27ri/p’) E Ai and it follows that (1 - &)grH,“(X; Aj) = 0. AS Aj/(l - 51) s 
Z/p, we conclude that gr H,“(X; Aj) is a Z/p-vector space, on which Ai acts trivially (i.e. 6 acts 
by Id). Since there is an exact sequence of Aj-modules 
we conclude that [Z/p] = [Aj] - [Aj] = 0 in Go(Aj). But this implies that [gr Hi”@‘; Aj)l= 0 in 
&(A~) and whence C,(j),E(X) = 0. Since % = IIAj we have Ko(%) z IKo(Aj) and it follows 
that 
D(Za) = ker (I?o(Z~T)*&(%)) = ker (&(Zr)*$ &(Aj)) 
As y(j),+(X) = 0 for j > 0 we conclude that a(X) E D(Zr). 
We can now proceed to the proof of Theorem A. Let X be as in Theorem A and consider a 
cyclic subgroup i : 7~‘+ 7~ = 7,X. Then the covering space X of X associated with 7~’ is a 
nilpotent space, dominated by a finite complex (X is obviously of type FP). Further 
i * $ (X) = D(X) as may be seen from the definition of B and I ‘*. In view of Theorem 3.1 it suffices 
therefore to prove Theorem A in case the p-group rr,X is cyclic, say ~F,X = Z/p’ = T. But in this 
case D(X) E D(Z n) by Lemma 3.4 and, by Theorem 3.2, it follows then that k(X) is a p-torsion 
element. Hence (i) of Theorem A holds. To get part (ii) of Theorem A we simply observe that in 
case rr = Z/p, the map 
y(l),: &(Z~T)+ R,(Z[exp (2ailp)l) 
is an isomorphism [ 111 and, as was seen in the proof of Lemma 3.4, y(l),G(X) = 0. This 
completes the proof of Theorem A. 
The proof of Theorem B is simpler. Obviously it suffices to show part (ii) since part (i) is a 
consequence of (ii) in view of Theorem 3.1. Hence assume that r,X = 7~ is a cyclic p-group and 
let f : X + X be a homotopy equivalence with f,a = (Y-’ for cz E *.Thenf,:Ro(Z*)-,~o(Z~) 
induces c : D(Zr)+ D(Zn). On the other hand, as f induces a chain homotopy equivalence 
C,X+ C,X. we see that f,@(X) = g(X). From the proof of Theorem A we know that 
a(X) E D(Zrr).Since f(X)=f,O(X)=cB(X)wehave G,(X) E D’(Z7r)andhenceB(X)=O 
by Theorem 3.3. 
COROLLARY 3.5. Let X be an H-space which is dominated by a finite complex and let n,X be a 
p-group. p an odd regular prime. Then 
(i) Irl@(X)=O, h w ere 17~1 denotes fhe order of sr,X. 
(ii) i?(X) = 0 in case a,X is cyclic. 
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This follows immediately from Theorem B by choosing for f :X *X for instance the 
left-inversion map. 
Remark. It is still an open question, whether there is a quasi-finite H-complex X with 
G(X) # 0. If lr,X is infinite then a(X) = 0 by Corollary 2.6 and, if r,X is cyclic of prime order, 
Theorem A (ii) shows that @t(X) = 0. It is easy to see that a quasifinite H-complex is a PoincarC 
complex in the sense of Wall [18]. Hence the Duality Theorem [18, Theorem 1.31 implies that for 
X with even formal dimension, 
S(X) = G(x)* = -c*(x) = - G(X) 
and therefore 2+(X) = 0; in particular this implies (in conjunction with Theorem A) that if in 
addition rr,X is a p-group of odd order, then O(X) = 0. 
$4. AN EXAMPLE 
Let Q(8) denote the quaternion group of order 8. The ordinary embedding Q(8) C S3 gives 
rise to a coset space S’/Q(8), which is a smooth closed manifold and therefore rit(S’lQ(8)) = 0. 
Further, S’/Q(S) is a nilpotent space since Q(8) is nilpotent and acts trivially on 7ri(S’/Q(8)) for 
i ~2. Consider now X E G(S3/Q(8)), that is, X is a nilpotent space of finite type such that 
X, = (S’/Q(8)), for all primes p [8]. Then clearly 2 I- S3 and lr,X = Q(8). The homotopy type of 
such an X is determined by its first k-invariant K E @(Q(8); Z)- Z/8, and K must be a 
generator; of course -K determines the same homotopy type. Since Aut(Q(8)) operates trivially 
on H’(Q(8); Z) [13, Proposition 8.31, there are exactly two homotopy types, S’lQ(8) and V, with 
universal cover homotopy equivalent to S3 and fundamental group Q(8). The results of [13] and 
[IS] imply that G(V) = [3,iV] E R(ZQ(8)), where [3,N] is the element represented by the 
projective ideal of ZQ(8) generated by 3 and the norm N = Hx, x E Q(8). Furthermore, the 
computations of [lo] show that &,(ZQ(8)) is cyclic of order 2, generated by 13, Nl. We want to 
show that V E G(S’/Q(S)). Clearly V is nilpotent and of finite type and, for trivial reasons, 
@‘/Q(8)), = VP for p an odd prime and VO- So’; whence V is a rational H-space (i.e. its 
rationalization isan H-space). The obvious maps S’lQ(8) + F, and V --, F,, where Fi denotes the 
fiber of 
K(Q@), 1) (r KG, 4), 
are 2-connected (K denotes the first k-invariant for S’lQ(8)). Hence every map FI --, F, lifts to a 
map S’/Q(8)-, V. From the commutative diagram 
K(Z,4)-%K(Z,4) 
we conclude that there is a map S’/Q(8)- V of degree 3. Hence (S3/Q(8))2= V, and 
V E G(S2/Q(8)). We have proved the following. 
THEOREM 4.1. G(S’lQ(8)) = {S’/Q(8), V} where S’lQ(8) is a finite complex and V is not of the 
homotopy type of a finite complex ; moreover G( V) has order 2 and V is a rational H-space. 
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